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We present a theoretical investigation of ultrafast transient four-wave mixing ~FWM! of GaAs quantum
wells for coherent excitation of excitons and a large number of continuum states. It is shown that in this case
the line shape of the FWM signal is drastically altered due to an interaction-induced coupling of the exciton to
all the excited continuum states. The signal is dominantly emitted at the spectral position of the exciton and
decays, as a function of delay, on a time scale set by the duration of the laser pulse rather than by the intrinsic
dephasing time. Nevertheless, the spectral width of the exciton line in the FWM spectrum and in the decay of
the time-resolved FWM signal in real time are governed by the intrinsic excitonic dephasing rate. It is shown
that for pulse durations of ; 100 fs ~for GaAs quantum wells! this behavior can be explained as the influence
of the Coulomb exchange interaction, while for even shorter pulses this behavior is dominantly caused by
nonlinear polarization decay. @S0163-1829~97!07404-3#
I. INTRODUCTION
At low excitation densities and low temperatures the op-
tical response near the band gap of a direct gap semiconduc-
tor is dominated by the mutual Coulomb interaction of the
excited carriers. The Coulomb interaction leads to the forma-
tion of excitons, coherent exchange effects, and, further, to
incoherent scattering and screening.1
Transient four-wave mixing ~FWM! experiments have
proven to be a valuable tool for the investigation of these
many-body effects. In FWM experiments the semiconductor
sample is excited by two laser pulses propagating in slightly
different directions KW 1 and KW 2. The second pulse is delayed
with respect to the first by a time to . The interference pat-
tern of the two beams sets up a transient grating, which, due
to nonlinear effects, diffracts other photons from the beams.
The FWM signal is recorded in the background-free direc-
tion, 2KW 22KW 1.
Simulations of FWM experiments are mostly based on the
nonlinearities due to Pauli blocking and coherent Coulomb
exchange effects. Due to the large numerical effort involved
in these simulations, the effect of scattering, i.e., polarization
decay and carrier relaxation, is modeled only on a simple
phenomenological level ~relaxation time approximations!.
However, many features of FWM signals can be understood
within this framework.2–5
One prediction of this approach is that both the spectral
width and the decay of the FWM signal in delay time at the
excitonic resonance is governed by the intrinsic excitonic
dephasing rate. In recent experiments, it has been shown that
this is not true if, together with the exciton, a large number
of continuum states are coherently excited.6 In this case the
decay of the excitonic FWM signal, as a function of delay
to , is significantly faster than the dephasing time of the
excitons.7–10 However, the width of the spectrally resolved
excitonic FWM response and the real time evolution of the
FWM signal reflect the intrinsic excitonic dephasing time.
Furthermore, virtually no signal can be observed at the spec-
tral position of the resonantly excited continuum states.7,10
We show here that the excitonic FWM signal consists of two
contributions: ~i! an intense spectrally narrow part only
present for short time delays and ~ii! a weak exponentially
decaying part reflecting the intrinsic coherence properties of
the exciton states. The prompt intense part of the signal is
caused by the nonlinear coupling of the continuum states to
the exciton due to the Coulomb interaction. In the following
we refer to the prompt intense part as the continuum contri-
bution ~CC!.
For excitations with laser pulses with ;100 fs duration in
GaAs quantum wells tuned 10–20 meV above the exciton,
the bandwidth of the coherently excited continuum states is
on the order of the excitonic binding energy. In this case the
CC has been described in terms of a formation of an exci-
tonic wave packet by Feldmann et al.8 The authors attributed
the decay of the strong initial CC in the FWM signal to a
destructive interference between the coherently excited mi-
croscopic polarizations. However, we showed experimen-
tally in Ref. 7 that CC effects are absent if the excited exci-
tons and continuum states belong to different quantum wells.
Thus, CC is not caused by a interference of the polarizations
from independent transitions. We show here that CC is an
interaction effect, well explained by the influence of the co-
herent Coulomb exchange interaction. At low densities this
interaction changes the optical response of the semiconduc-
tor from that of an ensemble of independent two-level atoms
to that of an exciton system, i.e., a multilevel atom. Indeed,
Feldmann et al. reported that their experimental results can
be explained with a multilevel model.
CC can also be observed when the bandwidth of the co-
herently excited continuum states is much larger than the
excitonic binding energy.10 We show that the CC in this case
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is caused by nonlinear polarization decay: In the low-density
regime as well as for ultrashort times the additional dephas-
ing due to carrier-carrier scattering is linear in the induced
carrier density. The optical polarization therefore decays
faster in an intensity maximum than in an intensity mini-
mum. This causes an additional FWM signal.11,12 An exci-
ton, i.e., the polarization, can be scattered off virtually any
carrier and therefore, in this nonlinear process, the partial
transient gratings associated with each carrier state add up
coherently ~see Sec. III!. It is shown that the partial transient
gratings add constructively for zero delay, giving rise to a
strong enhancement of the FWM signal.11–13 Due to the con-
tinuous spectral distribution of the carrier states the sum over
the partial transient gratings exhibits an inhomogeneous de-
cay as a function of delay, i.e., the additional signal vanishes
rapidly. This particular aspect of Coulomb kinetics can easily
be included into FWM simulations by assuming that the phe-
nomenological dephasing rate increases linearly with the to-
tal induced carrier density. This concept is known as
excitation-induced dephasing ~EID!. EID, i.e., a phenomeno-
logical dephasing rate which is a linear function of the total
carrier density n(t), is a well-established concept for low-
density exciton systems,
gn~ t !5g1g8n~ t !. ~1.1!
Schultheis et al.14 determined the density dependence of the
dephasing rate from time integrated FWM signals for bulk
GaAs and Honold et al.15 for quantum wells, as a function of
the background density. In these experiments the authors
controlled a background density by applying a prepulse,
which pumps the system several picoseconds before the two
FWM pulses arrive. They reported a linear relation between
the decay rate of the FWM signal in delay time and the
background density which corresponds to Eq. ~1.1! over a
wide density range. Kim et al.11 performed similar experi-
ments for GaAs quantum wells, but they did not apply a
prepulse. Still they found a linear dependence of the decay
rate of the FWM signal as a function of the excitation
intensity.16
In the simulations of FWM signals EID has been used to
model the dependence of the FWM signals on the relative
polarization of the two exciting laser pulses.17,18 An analytic
investigation of the influence of EID on FWM signals is
given by Wang et al.12 They used a two-level atom model
similar to the one considered in Sec. III of this paper for their
analysis. They reported that EID gives rise to an additional
contribution to the FWM signal and that this contribution is
similar to the signal due to the Coulomb exchange interac-
tion. Wang et al. based their two-level atom model on an
extension of the nonlinear Scho¨dinger equation, proposed in
Ref. 19. In this model only a single transition was considered
and therefore one of the main aspects of the CC, the interac-
tion of an isolated state with a continuum of carrier states,
cannot be included.
This paper is organized as follows. In Sec. II, numerical
solutions of the semiconductor Bloch equations with and
without EID are given. In Sec. III, we present a simple two-
level atom model with EID, which can be solved analyti-
cally. It is shown that the influence of EID on FWM signals
can be understood completely within this simplified model.
Discussions and conclusions are given in Sec. IV. In the
Appendix we present a motivation of the EID approach.
II. SEMICONDUCTOR BLOCH EQUATIONS WITH
EXCITATION INDUCED DEPHASING
The optical response of a semiconductor excited by a la-
ser pulse E(t) can be described by the semiconductor Bloch
equations ~SBE!.20–22 They are the equations of motion of
the occupation numbers f jk5^a jk† a jk& and the microscopic
polarization Pk5^ahk
† aek&. For a simple two-band model the
particle index j is e for the electrons and h for the holes. The
SBE read:
]
]t
Pk5
]
]t
PkU
coh
1
]
]t
PkU
scatt
,
]
]t
f jk5
]
]t
f jkU
coh
1
]
]t
f jkU
scatt
. ~2.1!
The coherent parts of Eq. ~2.1! are given by the equations of
motion on the Hartree-Fock level:
]
]t
PkU
coh
52i@eek~ t !1ehk~ t !#Pk~ t !
1i@12 f ek~ t !2 f hk~ t !#VkR~ t !,
]
]t
f jkU
coh
522 Im@Vk
R~ t !Pk*~ t !# . ~2.2!
The mean-field, or Hartree-Fock part of the carrier-carrier
interaction describes the Coulomb exchange interaction. This
coherent interaction leads to an additional driving field, the
so-called local field, which acts similarly to the applied laser
field E(t). It is the local field which causes the formation of
excitons. Furthermore, the exchange interaction shifts the
free single-particle energies \« jk . This effect is known as
band gap renormalization.
\Vk
R~ t !5
dkE~ t !
2 1(q VqP uk2qu~ t !,
\e jk~ t !5« jk2(
q
Vq f j uk2qu~ t !. ~2.3!
Within the rotating wave approximation, E(t) denotes the
pulse envelope of the optical field. dk is the interband optical
matrix element. Vq is the bare Coulomb potential given by
Vq52pe2/eoq for an ideal quantum well with the back-
ground dielectric constant eo . The free single-particle ener-
gies are given by
«ek5
~\k !2
2me
2Do ,
«hk5
~\k !2
2mh
. ~2.4!
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Here, Do5\vo2Eg is the detuning between the central fre-
quency vo of the pulse and the unrenormalized band gap
Eg .
The SBE have been solved numerically for various ap-
proximations for the scattering integrals. Solutions for quan-
tum kinetic23–25 and Boltzmann scattering26,27 integrals for
excitations with only one pulse have been used to investigate
the carrier relaxation kinetics and the decay of the induced
polarization. The information obtained in a one-pulse simu-
lation is, unfortunately, not directly related to the measured
quantities in FWM. For a detailed comparison it is necessary
to include the two pulses exciting the sample at different
angles and arriving at different times.2,3,28 Furthermore, one
has to simulate a long time interval in order to obtain reliable
spectral information. This increases the numerical effort by
about two orders of magnitude. Consequently, only a few
FWM simulations are reported which use Boltzmann-like13
or even quantum kinetic28 scattering integrals. Usually a
simple relaxation time approximation for the dephasing rate
(g51/T2) is used to approximate the scattering integrals,
]
]t
PkU
scatt
52gPk~ t !,
]
]t
f jkU
scatt
50. ~2.5!
The set of Eqs. ~2.2! and ~2.5! has proven to be sufficient for
the understanding of many features in FWM.2–5 Neverthe-
less, it fails to predict the strength and shape of the CC to the
excitonic FWM signal if a large number of continuum states
are excited together with the exciton.7,10 We now show that
the experimentally observed features of the CC can be mod-
eled easily by introducing nonlinear polarization decay in the
simulation on the phenomenological level of EID, as
]
]t
PkU
scatt
52S g1 g82 (j5e ,h p f jp~ t ! D Pk~ t !. ~2.6!
The set of Eqs. ~2.1!, with ~2.2! and ~2.6!, contains four
distinct nonlinear terms which ~separately! cause FWM sig-
nals. The phase space filling ~PSF! nonlinearity is given by
i(12 f ek2 f hk)dkE/2. If a given k state is bleached
( f ek1 f hk51) the laser field cannot induce another transition
~Pauli blocking!. If the state is inverted ( f ek1 f hk.1) stimu-
lated emission occurs instead of absorption. In combination
with the Pauli blocking term also the local field ~LF! contrib-
utes to the nonlinear response @ i(12 f ek2 f hk)(qVqP uk2qu#.
Furthermore, the polarization of a given k-state is also
coupled to the occupation numbers by the band gap renor-
malization ~BGR! @ i(qVq( f euk2qu1 f huk2qu)Pk#. A structur-
ally similar coupling of the polarization to the occupation
numbers arises from EID @2g8/2(p( f ep1 f hp)Pk#.
A. Narrow band width excitation
We solve the SBE with a density-dependent dephasing
rate for an ideal two-dimensional ~2D! quantum well in a
four-wave mixing geometry. A numerical scheme proposed
in Ref. 28 is used. All runs are scaled with ao5\2eo /me2
514 nm and Eo52\2/mao
2516.8 meV, where m5(1/me
11/mh)21. The pulse envelope
E~ t !5E~ t !eiKW 1RW 1E~ t2to!eiKW 2RW
is the sum of two identical Gaussians E(t) with an intensity
full width half maximum of 72 fs. The second pulse is de-
layed with respect to the first by the time to .
Figure 1 shows the resulting excitonic FWM signal for an
excitation with a detuning Do5\vo2Eg of the central laser
frequency from the ~unrenormalized! band edge of ~a!
2Eo , ~b! 20.25 Eo , and ~c!: 0.5 Eo . The upper part of Fig.
1 shows curves computed without EID (g51/750 fs and
g850) while we used in the lower part an EID coefficient of
g853310213 cm2/fs. This value corresponds to the experi-
mentally determined value for EID due to nonthermalized
carriers,14 and to the value reported in Ref. 11. For the cal-
culations with EID we take g51/1200 fs, a value that en-
sures a similar average dephasing rate in the runs with and
without EID. Consequently, we find in the simulations for
both dephasing models the same spectral width of the exci-
FIG. 1. Four-wave mixing signal at 1s exciton resonance for an
excitation with 72 fs pulses vs delay time simulated from the SBE
for detunings Do5\vo2Eg of the central laser frequency from the
band edge of of ~a! 2Eo , ~b! 20.25 Eo , and ~c! 0.5 Eo . Upper:
Without EID for T25750 fs ~solid lines! and exponential decay
with T25750 fs ~dotted lines!. Lower: With EID for T251200 fs
and g853310213 cm2/fs ~solid lines! and exponential decay with
T251200 fs ~dotted lines!. The maxima of each curve is normalized
to unity for better comparison.
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tonic FWM signal ~not shown!. For better comparison the
maximum of each curve is normalized to unity. The original
maxima are ~a! 0.22, ~b! 0.1, and ~c! 0.003 for the runs
without EID and ~a! 1.9, ~b! 1.1, and ~c! 0.12 for the runs
with EID. The induced carrier densities in a maximum of the
interference pattern of the two beams are ~a! 33109/cm2, ~b!
2.63109/cm2, and ~c! 1.43109/cm2.
For resonant excitation of the continuum @case ~c!# a
strong initial continuum contribution can be seen, which de-
cays rapidly. After about 150 fs we are left with the intrinsic
excitonic signal, which decays }exp(22gto) and exhibits
1s-2s beats. ~The exponential decay is shown as dotted lines
in Fig. 1.! At the same time virtually no signal is emitted at
the spectral position of the continuum itself, similar to the
data shown in Fig. 2. In case ~b! fewer continuum states are
excited and we find a smaller enhancement of the FWM
signal around zero delay. For resonant excitation of the 1s
exciton @case ~a!# the signal shows no signs of CC. The in-
clusion of EID does not change the overall shape of the
signal, but increases the signal intensity significantly. The
signal computed with EID is 40 times stronger for case ~c!
than the corresponding one without EID. In case ~a! this
figure is 8.6 and in case ~b! it is 11. One can see also a
further temporal narrowing of the prompt part of the signal,
due to the broad band nature of the EID induced coupling.
The inclusion of EID also increases the ratio of the exponen-
tial tail to the initial peak for case ~c!. Without EID we find
a ratio of 1/10, with EID it is 1/20. The PSF nonlinearity
contributes to the FWM signal only for positive delay, while
interaction induced nonlinearities always contribute. In the
later case the main difference is that for positive delay the
overall decay constant is T2/2 while for negative delay it is
T2/4. @See, e.g., Eq. ~3.14! and Refs. 2–4,29.# All FWM
signals shown in this paper are of comparable strength for
positive and negative delay. This shows that for the cases
considered here the signals induced by PSF are of negligible
strength compared to the interaction induced ones.
We conclude further that the coherent Coulomb exchange
interaction and EID lead to CC in a similar fashion if the
bandwidth of the laser excitation is comparable to the exci-
ton binding energy. Feldmann et al.8 reported FWM signals
from quantum wells computed with the SBE, i.e., including
the exchange interaction but without EID. Their results agree
completely with the data shown in the upper part of Fig. 1.
They interpreted the fast initial decay of the FWM signal as
a destructive interference between the polarizations of the
1s exciton and the excitonic continuum states. However, we
would like to point out that CC cannot be explained by an
interference of the polarizations from independent transitions
as we show in Ref. 7, where FWM signals from a multi-
quantum-well sample with different well thicknesses ~80 Å,
100 Å, 130 Å, and 160 Å! were investigated. If the laser is
tuned to the 1s exciton of the 100 Å quantum well we did not
find CC at the spectral position of the 100 Å 1s exciton
although a large number of continuum states were excited in
the neighboring 130 Å quantum well. Nevertheless, at the
spectral position of the 130 Å 1s exciton we saw a pro-
nounced CC. This is an experimental proof that CC is indeed
an interaction effect. The coupling induced by the Coulomb
exchange interaction is structurally similar to the coupling
induced by EID @see Eqs. ~2.2!, ~2.3!, and ~2.6!# and it leads
to CC is a similar fashion.
B. Wide bandwidth excitation
In this section we show simulations computed for a laser
pulse duration of 24 fs and a detuning of Do51.5 Eo . The
pulse intensity is chosen such that the maximum induced
carrier density at an interference maximum of the two beams
is n51.43109/cm2. For the density-independent part of the
dephasing rate we now take g51/250 fs.30 In this section
figures with the label ~a! show simulations without EID,
while figures labeled ~b! were computed with g8
53310213cm2/fs.
Figures 2~a! and 2~b! show the FWM spectra for the pa-
rameter set ~a! and ~b!, respectively. The spectra are scaled
such that the maximum of the signal for set ~a! is unity. It
can be seen that the EID induced signal increases the exci-
tonic FWM signal at zero delay by a factor of '35. For
nonzero delay the signal decays rapidly. Although the central
frequency of the laser is deep in the continuum the FWM
FIG. 2. FWM spectrum for an excitation with 24 fs pulses and a
detuning if the central laser frequency from the band edge of
Do51.5 Eo vs delay time and detuning D of the photon energy
from the band edge computed with the SBE without EID ~a! and
with EID ~b!. FWM spectrum on x (3) level for an ensemble of
two-level atoms with EID ~c!. ~Other parameters are explained in
the text.!
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signal is completely dominated by the exciton response. The
signal at the central laser frequency is more than four orders
of magnitude smaller than at the exciton.
In Fig. 3 spectral cuts at the exciton are given. In this
figure both data sets are normalized to unity for better com-
parison. In contrast to the narrow bandwidth case we find
here a very different line shape for simulations with and
without EID. The decay of the signal computed without EID
@set ~a!# is determined by the intrinsic dephasing rate g ,
while the signal computed with EID @set ~b!# has the tempo-
ral shape of the laser pulse, shown by the short-dashed line.
The signal computed with EID increases slightly for delays
utou*48 fs. At a delay of 48 fs the EID induced signal and
the intrinsic signal are of comparable strength and they in-
terfere destructively. At later times the EID contribution de-
cays faster than the intrinsic one and the signal recovers be-
fore it decays exponentially with the intrinsic dephasing
time. This exponential decay occurs outside the shown delay
time window.
The FWM spectra at zero delay are shown in Fig. 4. The
extra dephasing caused by EID leaves the spectral shape of
the excitonic response almost unchanged. The width is still
determined by the intrinsic dephasing time. The short-dashed
line gives the spectral profile of the laser pulse.
In Fig. 5, the corresponding temporally resolved FWM
signals are shown for zero delay ~upper!, 624 fs ~middle!,
and for 648 fs ~lower!. For better comparison, both data sets
are scaled to yield a maximum of unity at zero delay. The
relative strength of the signals computed with and without
EID is again 35:1. The overall shape of the FWM signal
versus real time is very similar for the parameter sets ~a! and
~b!. They show the well-known features of signals from the
nonlinearities due to the Coulomb exchange interaction.
These features are ~i! a maximum which is retarded in real
time by about one dephasing time, ~ii! an overall decay gov-
erned by the intrinsic dephasing rate, and ~iii! signals of
comparable strength for positive and negative delay ~see,
e.g., Refs. 2, 4, and 29.! The main difference between the
FIG. 3. Cuts from Fig. 2. Excitonic FWM signal vs delay time.
For better comparison the maximum of each curve is normalized to
unity. The short-dashed line shows the temporal pulse envelope.
The inset shows the corresponding cut for the two-level atom model
at the discrete line together with the corresponding pulse envelope
~short dashes!.
FIG. 4. Cuts from Fig. 2. FWM spectrum at zero delay versus
detuning. The short-dashed line shows the spectral pulse profile.
The inset shows the corresponding cut for the two-level atom
model.
FIG. 5. Time-resolved FWM signal vs real time corresponding
to Figs. 2~a! and 2~b!. The inset gives the corresponding signal for
the two-level atom model. The delay is zero ~upper!, 624 fs
~middle!, and 648 fs ~lower!.
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signals computed with and without EID is the rapid decrease
of the signal strength as a function of delay in the latter case.
We summarize the findings of this section in stating that
~i! EID drastically enhances the FWM signal at zero delay, if
together with the exciton a large number of continuum states
is coherently excited, ~ii! the coupling of the exciton to all
the continuum states leads to a decay of the spectrally as well
as the temporally resolved FWM signal, as a function of
delay, on a time scale set by the pulse duration, ~iii! the
increased dephasing rate in a density maximum does not
increase the width of the exciton line in the FWM spectrum,
and ~iv! the overall decay of the time-resolved FWM signal
in real time is not affected. These findings agree well with
the experimental data published in Ref. 10 for low-density
excitations.
It is shown in the next section that all the mentioned fea-
tures of the signals computed with EID can be understood in
the framework of a simple two-level atom model.
III. x 3 THEORY FOR AN ENSEMBLE OF TWO-LEVEL
ATOMS WITH EXCITATION INDUCED DEPHASING
In this section the influence of a density-dependent
dephasing rate on the nonlinear optical properties is investi-
gated in the frame of the following Bloch equation for an
ensemble of two-level atoms:
d
dt Pl~ t !52iFel2iS gl1g8(m f 1m~ t ! D GPl~ t !
1i@122 f 1l~ t !#dlE~ t !,
d
dt f 1l~ t !522 Im@dlE~ t !Pl*~ t !# . ~3.1!
The two-level atoms are labeled by the index l and
el5e1l2e0l is the energy difference between the two lev-
els. The occupation of the lower level is f 0l512 f 1l .
Again, Eq. ~3.1! takes excitation induced dephasing ~EID!
into account through the coefficient g8. (\ is taken to be
unity in this section.!
Wang et al. presented in Ref. 12 a model which is similar
to the one proposed in Eq. ~3.1!. The difference between the
two models is the bandwidth of the EID induced coupling:
Wang et al. use for EID the expression ~translated in to the
notation of this work! g8 f 1l instead of the EID coupling
g8(m f 1m proposed here, i.e., in the Wang model EID
couples an excited state only to itself, while in our model
EID couples each state to all other states. We feel that the
model proposed here is more realistic, because EID is caused
by scattering and an excited state is scattered by other states.
This difference in the two models is crucial for the under-
standing of the mechanism which causes the CC. It is the
coupling to a large number of states that causes CC and
therefore the model presented by Wang et al., although simi-
lar, is not capable of describing CC.
From Eq. ~3.1! analytic expressions for the nonlinear op-
tical response on the x (3) level can be derived if the laser
field E(t) is taken to be the sum over two d functions,
E~ t !5E1eiK
W
1RW d~ t !1E2eiK
W
2RW d~ t2to!, ~3.2!
where to is the time delay and KW 1/2 denotes the propagation
direction of the respective beams. In the following, the nota-
tion E1/2 is used for E1/2eiKW 1/2RW . The first-order polarization is
given by
Pl
~1 !~ t !5P l1~ t !1P l2~ t ! ~3.3!
with
Pl1~ t !5idlE1 e2i~el2igl!t Q~ t !,
P l2~ t !5idlE2 e2i~el2igl!~ t2to! Q~ t2to!. ~3.4!
For the second-order density one finds
f 1l~2 !~ t !5F l111F l221F l121F l21 ~3.5!
with
Fl1152dl2 uE1u2 Q~ t !,
F l2252dl2 uE2u2 Q~ t2to!,
F l125dl2 E1E2* e2ielto e2glutou
3@Q~to! Q~ t2to!1Q~2to! Q~ t !# ,
F l215~F l12!*,
where Fl11 and F l22 describe the spatially homogeneous den-
sities generated by the first and second pulses, respectively,
and F l12 and F l21 describe the transient gratings set up by
the interference pattern of the two beams. The first pulse sets
up a polarization of the state l , which oscillates and decays
in time. After the time utou the second pulse converts the
leftover polarization into an occupation. The transient grat-
ing therefore carries phase information. If the energy levels
el are distributed, then the transient gratings associated with
different states are in phase only for zero delay. For nonzero
delay the phase is rapidly randomized. This additional inho-
mogeneous dephasing is the cause of fast decay of the CC.
The general third-order polarization is
Pl
~3 !~ t !52E
2`
t
dt8 e2i~el2igl!~ t2t8!F2i f 1l~2 !~ t8! dlE~ t8!
1g8(
m
f 1m~2 !~ t8! Pl~1 !~ t8!G . ~3.6!
Only the signal propagating in the 2KW 22KW 1 direction con-
tributes to the FWM signal, hence the third-order polariza-
tion reduces to
Pl
~3 !~ t !uFWM52E
2`
t
dt8 e2i~el2igl!~ t2t8!
3F2i F l21~ t8! dlE2d~ t82to!
1g8(
m
F m21~ t8! P l2~ t8!G . ~3.7!
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A. Time-resolved FWM signals
For the time-resolved FWM signal one finds
SFWM~to ,t !}U(
l
dlPl~
3 !~to ,t !uFWMU2 ~3.8!
with
dlPl~
3 !~to ,t !uFWM
52E22E1*dl2Q~to!Q~ t2to! 2i dl2 e2glutu
3e2iel~ t22to!1@Q~to! $Q~ t2to! e
2glut2tou
3~ t2to!%1Q~2to! e
2glutou$Q~ t ! e2glutut%#
3ig8e2iel~ t2to!F~to! ~3.9!
and
F~to!5(
m
dm
2 eiemto e2gmutou. ~3.10!
The phase space filling ~PSF! contribution, i.e., the first
term in Eq. ~3.9!, gives the well-known free polarization de-
cay for a discrete state and the so-called ‘‘photon echo’’ for
an inhomogenously broaden continuum of two-level atoms.31
The PSF contribution stems from the transient gratings in-
duced by the interference pattern of the two laser beams: The
grating scatters a part of the second pulse in the FWM direc-
tion.
The process behind the EID contribution @second term in
Eq. ~3.9!# is similar to the one discussed above, except that
~i! in this case the polarization set up by the second pulse is
scattered in the FWM direction. Because the polarization ex-
ists in the sample on a time scale set by the dephasing rate,
the signal contributes for positive and negative delay and ~ii!
EID provides a broad-band coupling to all states. Therefore,
the EID signal in Eq. ~3.7! contains the coherent superposi-
tion (mF m21 of the transient gratings associated with all ex-
cited states described by F(to) in Eq. ~3.9!.
For a more detailed discussion of the signals we assume
that the energy separations el of the two-level atoms are
distributed as follows. The state l50 is discrete, while all
other states l.0 merge into a continuum that extends from
e15eg to infinity and are described by a density of states
r(e). In order to model the finite spectral width of an actual
laser pulse we take the density of states to be
r~e!5
Q~e2e1!
De
e2~e2e1!/s. ~3.11!
The parameter De can be regarded as the effective level
spacing, while s simulates the effect of a finite spectral
width of a ~Lorentzian! laser pulse. For a constant oscillator
strength dc and dephasing rate gc in the continuum, F(to)
becomes
F~to!5d0
2 e2g0utoueie0to1dc
2 e2gcutou E
eg
`
de g~e! eieto
5d0
2 e2g0utoueie0to1dc
2 e2gcutoueiegto
s
De
1
11isto
.
~3.12!
The ratio Neff5s/De is the effective number of excited con-
tinuum states. For an excitation with a spectrally broad laser
pulse Neff can be large enough to overcompensate that the
continuum oscillator strength dc is smaller than the one of
the discrete state d0. In turn the EID induced contribution
can be much stronger than the PSF signal. Due to the coher-
ent superposition of the transient gratings associated with the
different continuum states F(to) decays quickly. The decay
becomes faster when more continuum states are excited ~see
Figs. 2 and 3!. This analysis shows that EID enhances the
time-resolved FWM signal for small delays, but for a fixed
delay the FWM signal still decays with the intrinsic decay
rate gl in real time. This explains the behavior seen in Fig. 5.
A further characteristic feature of the EID term is the
function Q(T) T e2guTu, with T being either t or t2to ,
which reaches its maximum at T51/g . This ‘‘interaction re-
tardation’’ is discussed, e.g., in Refs. 2–4 and 29. Its Fourier
transform produces a squared Lorentzian in the spectrally
resolved signals @see below in Eq. ~3.14!#.
B. Spectrally resolved FWM signals
The corresponding spectrally resolved signal is given by
SFWM~to ,v!}U(
l
dlPl~
3 !~to ,v!uFWMU2 ~3.13!
with
dlPl~
3 !~to ,v!uFWM
5E22E1dl2 S 2Q~to! 2 dl2 e2glutou ei~el1v!toel2v2igl
1@Q~to! e
ivto1Q~2to! e
2glutou eielto#ig8
3
F~to!
~el2v2igl!2
D . ~3.14!
The PSF contribution, i.e., the first term in Eq. ~3.14!, closely
resembles the linear absorption spectrum at to50. For non-
zero delay the additional phase factors produce beats be-
tween characteristic energies in the ensemble, e.g., the dis-
crete state and the band edge. As discussed above, the EID
terms are proportional to a squared Lorentzian. This function
is responsible for the spectral narrowing reported in Ref. 7
and explains why the additional dephasing induced by EID
does not widen the excitonic line in Fig. 4.
The squared Lorentzian has another important implica-
tion. For energies within the continuum the EID induced
signal contains the expression
E
eg
`
de
r~e!
~e2v2igc!2
;r~v!E
2`
`
de
1
~e2v2igc!2
50.
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For a frequency v which is several gc above the band edge
eg , the integration range can be extended to 2` . For an
excitation with an ultrashort laser pulse, r(e) varies only
little in the e range which contributes to the integral and
therefore can be replaced by r(v). The remaining integral
over the squared energy denominator vanishes ~a pole of
order 2 has no residue!. The physical interpretation is that the
overlapping continuum states give contributions which inter-
fere destructively and the EID signal is important only at a
discrete state and at the band edge. This explains the absence
of a signal at the spectral position of the resonantly excited
continuum states in Figs. 2 and 4.
C. x 3 results and discussion
Figure 2~c! and the insets in Figs. 3–5 illustrate the sig-
nals computed from Eqs. ~3.8! and ~3.13! for parameters
comparable with set ~b! from Sec. II, i.e., e052Eo ,
eg50, g05gc51/250 fs, g853310213cm2/fs,
s53.75Eo , and De50.05Eo . The ratio of the oscillator
strength of the discrete state to that of the continuum states
d0 /dc550 was chosen such that the linear absorption spectra
resembles the one for sets ~a! and ~b!.
The two-level atom model with EID shows the same fea-
tures as the numerical solutions of the SBE with EID, al-
though the structure of the two models is quite different.
Formally, the SBE @Eq. ~2.1!# reduce to Eq. ~3.1! if one
neglects all terms containing the Coulomb potential Vq but
retains, nevertheless, the EID. It is well-known, however,
that a free-particle picture is not adequate to model the opti-
cal response of a semiconductor near the band gap.22 The
correlations of the excited electron-hole pairs induced by the
local field transform the absorption spectrum from a free-
carrier step function ~in 2D! into an excitonic series. In order
to derive simple analytic results we chose to retain the sim-
plicity of a two-level atom model, but nevertheless capture
the main aspects of the full SBE which lead to CC. We
therefore mimicked the shape of the excitonic absorption
spectrum by assuming a ‘‘custom-tailored’’ distribution of
two-level atoms @see Eq. ~3.11! and text above#. A more
rigorous way would be to formulate the optical response in
an excitonic basis. This, however, is a delicate task, because
excitons are not real bosons and much work has been de-
voted to that problem.32 The model proposed in Eq. ~3.1! has
far to many free parameters to be used as a predictive tool,
but in combination with the full SBE it provides a simple
analytical understanding to the influence of EID on the FWM
line shape. We showed that in the limit of a broad band
excitation EID completely dominates the FWM signal. The
proposed model, Eqs. ~3.1!, focuses on this aspect and ne-
glects others, e.g., the Coulomb exchange interaction or the
partially bosonic nature of the fundamental excitations which
are of minor importance in this particular respect. Further-
more, we would like to point out that the analytic expres-
sions given above, describe some general aspects of interac-
tion induced FWM signals. For example, if one lets g8 be
imaginary the EID term in Eq. ~3.1! describes the band gap
renormalization induced by a point interaction. Also the re-
tardations discussed above are common to all types of inter-
action induced signals.
IV. DISCUSSION AND CONCLUSIONS
It was shown that excitonic FWM signals are dominated
by a component which decays as a function of delay on the
time scale of the exciting laser pulse, if a large number of
continuum states is excited coherently together with the ex-
citon. At the same time virtually no signal was observed at
the spectral position of the continuum states themselves. This
effect was explained by assuming a broad-band coupling of
the exciton to the continuum states. We demonstrated how
this coupling leads, in a nonlinear optical experiment, to sig-
nals from all states at the spectral position of all other states.
These signals add coherently and in an inhomogeneous sys-
tem the total signal decays very fast as a function of delay
time. We showed that in the continuum, there is an addi-
tional destructive interference of signals from neighboring
states. Due to this destructive interference, the signal from
this nonlinearity can only be seen at a discontinuity of the
density of states, like the exciton or the band edge. We dis-
cussed how a broad-band coupling arises from scattering.
We showed a simple method of modeling such a coupling in
the SBE by extending the T2 model of the polarization decay
to include a density-dependent dephasing rate. It was shown
that the effect of the broad-band coupling can be understood
in a two-level atom model with one discrete state interacting
with an ensemble of other two-level atoms.
We end this section with a discussion of recent related
work. Kim et al.11 reported a so-called ‘‘giant’’ excitonic
resonance in FWM experiments of GaAs quantum wells in
the low-density regime. The authors simulated the experi-
ment using the SBE assuming a density independent dephas-
ing rate. In order to explain their experimental data, they
assumed very different dephasing rates for the exciton ~800
fs! and the continuum ~80 fs! and concluded that in the FWM
signal the state with the longest dephasing time dominates,
and that even in the continuum the signal decays with the
excitonic decay time. In the present paper we have shown
that the enhancement of the excitonic signal can be explained
through EID, and that within this framework the assumption
of a very rapid dephasing of the continuum states is not
necessary. It was shown that the decay of the signal in the
continuum is related to the intrinsic dephasing time of the
continuum states.
Rappen et al.13 reported FWM simulations based on the
SBE with Boltzmann-like scattering integrals in the equa-
tions of motion of the polarization and the occupation num-
bers. They found that one of the effects of the scattering
integrals in the polarization equation is to transfer oscillator
strength from the continuum to the exciton. This is in agree-
ment with the finding of this paper in which the effects of the
polarization scattering integral was modeled phenomenologi-
cally by the EID concept.
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APPENDIX: MOTIVATION OF THE EID APPROACH
Here we discuss the microscopic theory of the scattering
integrals in the polarization equation. For times during and
shortly after the laser pulses excite the sample one has to use
quantum kinetic expressions. Quantum kinetic scattering in-
tegrals on the RPA level can be derived using Keldysh non-
equilibrium Green functions ~see, e.g., Refs. 24 and 33!. In
the low-density limit ( f jk!1) one finds34
]
]t
Pk~ t !U
scatt
52
2
\ E`
t
dt8(
pq
Vq
2~Pk2P uk2qu!
3ReF (j5e ,h ~ f jp2P up1quPp*!
3e2i/\~e j up1qu2e jp1eeuk2qu1ehk!~ t2t8!G . ~A1!
It was shown in Ref. 35 that it takes a time of about one
characteristic inverse plasma frequency after the excitation
by the ultrashort laser pulse before screening sets in. The
Coulomb potential in Eq. ~A1! is therefore unscreened. In the
low-density regime, screening is not efficient even at later
times.
At later times, when the system is already near equilib-
rium, the occupation numbers and the polarization will vary
only slightly over the range of the memory integration in Eq.
~A1!. The time integration over the remaining phase factors
gives an energy denominator. Its imaginary part is a ~broad-
ened! energy conserving d function known from Boltzmann
scattering integrals. The real part describes additional energy
renormalizations due to scattering. At this stage screening
has been established and the bare Coulomb potential is to be
replaced by a ~weakly! screened one.
In both the quantum kinetic and the Boltzmann regime,
‘‘out’’ (}Pk) and ‘‘in’’ scattering rates (}P uk2qu) cannot be
defined separately. In the quantum kinetic regime the diver-
gence of the bare Coulomb potential in the limit q!0 is
compensated only by the term (Pk2P uk2qu) and even in the
Boltzmann regime for low-density systems it is known that a
considerable compensation between ‘‘out’’ and ‘‘in’’ scatter-
ing occurs. This shows that a direct derivation of an expres-
sion for a density-dependent ~‘‘out’’! scattering rate like the
one assumed in Eq. ~2.6! is not possible. Nevertheless, the
expression ~A1! describes an effective dephasing which is
linear in the density.24 A state k is coupled to all other states
p through a density-independent coupling constant. Only
through screening the coupling becomes density-dependent.
The approximation ~1.1! simply simulates these two aspects:
~i! a broad-band coupling to all other states and ~ii! a linear
density dependence.
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